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ABSTRACT
On Simple and Accurate Finite Element Models for
Nonlinear Bending Analysis of Beams and Plates. (May 2007)
Yetzirah Yksya Urthaler Lapeira, B.S., Universidad Simon Bolivar;
M.S., Universidad Simon Bolivar
Chair of Advisory Committee: Dr. J.N. Reddy
This study is concerned with the development of simple and accurate alterna-
tive finite element models to displacement finite element models for geometrically
nonlinear bending analysis of beams and plates. First, a unified corotational beam
finite element that incorporates the kinematics of classical as well as refined beam
theories, including the Timoshenko and Reddy beam theories, is developed in a single
finite element. The governing equations are written in a “corotational” local frame
that rotates with the element and with respect to which the standard linear engi-
neering relations between strains and internal forces are valid. The element is based
on Lagrange interpolation of the axial displacement, Hermite cubic interpolation of
the transverse displacement, and related quadratic interpolation of the rotation, and
it does not experience shear locking. The model is verified by comparisons with ex-
act and/or approximate solutions available in the literature. Very good agreement is
found in all cases.
Next, a finite element model is developed using a mixed formulation of the first-
order shear deformation theory of laminated composite plates. A p-type Lagrangian
basis is used to approximate the nodal degrees of freedom that consist of three dis-
placements, two rotations, and three moment resultants. The geometric nonlinearity,
in the sense of the von Ka`rman, is included in the plate theory. The mixed plate
element developed herein is employed in the linear and nonlinear bending analy-
iv
sis of a variety of layered composite rectangular plates. The effects of transverse
shear deformation, material anisotropy, and bending-stretching coupling on deflec-
tions and stresses are investigated. The predictive capability of the present model
is demonstrated by comparison with analytical, experimental, and numerical solu-
tions available in the literature. The model provides an accurate prediction of the
global bending response of thin and moderately thick plates subjected to moderate
and moderately large rotations. The inclusion of the bending moments at the nodes
results in increased accuracy in the computation of stresses over those determined by
conventional displacement-based finite element models. The many results presented
here for geometrically nonlinear bending analysis of beams and plates should serve as
reference for future investigations.
vTo my own self: You made it, Yetzi!
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All physical structures exhibit nonlinear behavior to some extent. They may be
made of rubber or plastic materials that do not have a constant elasticity modulus,
they may be operating over a range of temperatures where the material behavior is
very different from that at ambient temperature (material nonlinearity); or they may
be subjected to large displacements and rotations (geometric nonlinearity). In such
cases, linear finite element models are not able to predict the structural response
accurately. Hence, the development of efficient and accurate nonlinear finite element
models becomes crucial.
The present study deals with the development of efficient, simple and accurate fi-
nite element models for geometrically nonlinear bending analysis of beams and plates.
Firstly, attention is given to the development of corotational shear-deformable beam
finite elements with high-rotation capability. Since beams provide simple models for
understanding the fundamentals of plate elements, the conducted research should
serve as future reference for the derivation of new corotational plate elements. In
the second part of the study, focus is given to the formulation of a new mixed plate
bending finite element for the analysis of laminated composite beams and plates un-
dergoing moderately large rotations. The following review of literature provides a
background for the present study.
The journal model is Communications in Numerical Methods in Engineering.
2I.2. Corotational finite element models for beams
I.2.1. Background and literature review
Beam structures that undergo large displacements and rotations require a nonlinear
analysis. The design of failure-free installation procedures for submarine pipelines
[1], dynamic analysis of marine pipes during operation [2], flight simulation of flexible
aircraft [3]), and stability analysis of frame structures [4–8], are examples of such
applications. The development of accurate and efficient computational procedures to
accommodate large rotation capability of beams and frame structures has therefore
become a subject of considerable interest among researchers. These procedures can
be based on either the classical Lagrangian descriptions of motion [9–13] or they can
be derived by using the so-called corotational description of motion [1,3,6–8,14–22].
The attractiveness of the latter resides in the fact that it can be applied to simplify the
Lagrangian formulations for large displacements and small strains problems without
significant loss of accuracy.
Nonlinear finite element models for thin beams can be formulated using either
the continuum approach [9, 23] or the beam-column-theory [4–8, 24, 25], depending
on magnitudes of strains and displacements to be accounted for in the formula-
tion. In the latter case (i.e., beam-column theory) it is assumed that the geometric
changes are negligible, so that no distinction is made between the Piola-Kirchhoff
and Cauchy stresses. The geometric nonlinearity is treated by including the rotation-
related quadratic terms in the strain-displacement equations (i.e., the von Ka´rma´n
nonlinear strains; see Reddy [25, 26]). However, the beam-column finite element in
large rotation problems suffers from one inherent drawback: it is restricted to small
rotations between two successive load increments during the deformation process.
The corotational approach overcomes the aforementioned drawback and provides a
3nonlinear framework in which standard linear beam finite elements can be utilized
locally.
The origin of the corotational description of motion has its roots in the polar
decomposition theorem. According to this theorem, the total deformation of a con-
tinuous body can be decomposed into rigid body motion and relative deformation.
In the derivation of the finite element, this decomposition is achieved by attaching a
local coordinate system to each element so that it rotates with the average rigid body
rotation of the element. In this way, the finite rigid body motion part is eliminated
from the total displacements. The remaining relative deformation, which is assumed
to be small with respect to the local frame, is used for the calculation of strains
and element internal nodal forces. As a consequence, the linear beam theory can be
used for describing the relative deformation, endowing the method with significant
advantages in computational speed and programming simplicity. The nonlinearity is
introduced via the coordinate transformation of the local displacements in terms of
the displacement components associated with a fixed global coordinate system.
The development of the “corotational” approach has been underway since the
early 60’s. Argyris [14] introduced this rigid-plus-deformational decomposition con-
cept, which he termed “natural approach”, for the calculation of the geometrical
stiffness matrices of wings and flanges under membrane and bending stresses. A
comprehensive publication on the theory and other applications of this method can
be found in [16]. Wempner [27] also applied the same idea for the study of finite
rotations of flexible shells. Some initial contributions using the corotational approach
are also reported by Belytschko [15] on nonlinear transient analysis of beams, and by
Oran [6,7] on large deformation and stability analysis of frame structures. In a later
paper, Belytschko and Glaum [17] introduce the term ’corotational’ to refer to the
motion of the local coordinate system attached to the element. Afterwards, most of
4the articles published on the subject have adopted the same terminology.
I.2.2. Present study
In the derivation of corotational beam elements, the Euler-Bernoulli beam theory
has been commonly used to model the kinematics of the beam. However, the Euler-
Bernoulli beam theory fails to give accurate results when the length-to-thickness ratio
is relatively small. This is because the effect of transverse shear strains, neglected
in the classical theory, becomes significant in deep beams. Very few publications
on corotational formulations based on shear deformation beam theories have been
reported. Crisfield [28] outlines the procedure to calculate the tangent stiffness ma-
trix and residual force vector for a corotational two-dimensional Timoshenko beam
element; however numerical tests to validate the method were not provided therein.
More recently, Iura and Suetake [20] have published a paper on the accuracy of three-
dimensional Timoshenko beam elements using the corotational approach.
Motivated by the above considerations, the derivation of a new corotational finite
element model for nonlinear bending analysis of beams is also undertaken in the
present study [22]. The significant and novel contributions of the proposed model can
be summarized as follows:
• Three different theories to model the kinematic behavior of beams are consid-
ered: The classical Euler-Bernoulli beam theory (EBT), the Timoshenko beam
theory (TBT) [26,29], and the simplified Reddy beam theory (RBT) [30,31].
• The unified linear finite element model of beams developed by Reddy [32] is
extended to nonlinear analysis.
• The shear-locking is resolved by using appropriate approximation functions for
the generalized displacements, i.e. Lagrange interpolation of the axial displace-
5ment, Hermite cubic interpolation of the transverse displacement, and interde-
pendent quadratic interpolation of the rotation.
• The model is applied in problems with severe geometric nonlinearity (large
rotations).
I.3. Mixed finite element models of laminated composites
I.3.1. Background and literature review
Fiber-reinforced composite materials are widely used in many engineering structures.
The applications range from medical prosthetic devices to sports equipment, electron-
ics, automotive parts, to light-weight aircraft structures. Composite structures offer
many advantages over conventional materials, owing to their high strength-to-weight
and stiffness-to-weight ratios.
The analysis of laminated plates is a non-trivial task and it can still be con-
sidered an open research problem. Their complex structural behavior is attributed
to their anisotropic response, significant shear deformation in the thickness direction
and extension-bending coupling. A satisfactory laminate theory and a reliable finite
element model have to capture all these effects.
Based on geometrical considerations, concerning the small dimension of the thick-
ness in comparison with the in-plane dimensions, composite plates are usually ana-
lyzed through two-dimensional models, also known as laminated plate theories or
equivalent single-layer theories(ESL). In a laminated plate theory, the laminate is
assumed to be in a state of plane stress and the individual laminae are assumed to
be elastic and perfectly bonded. The laminate properties are obtained by integrating
the lamina properties through the thickness. Accordingly, the laminate is reduced to
a single-layer plate with an equivalent anisotropic response.
6A simple equivalent single-layer laminated plate theory is the classical laminate
plate theory (CLPT) [33–35]. It represents an extension of the classical Kirchhoff-
Love plate theory to anisotropic laminated plates. Despite its simple formulation,
the CLPT theory does not account for transverse shear strains, and therefore results
inadequate for the prediction of the global response of thick plates. The transverse
shear deformation effects are even more pronounced in the case of composite plates,
due to the low transverse shear modulus relative to the in-plane Young’s moduli. A
reliable prediction of the response characteristics of high modulus composite plates
requires the use of shear deformable theories.
Several shear deformation plate theories are available in the literature [36–38].
The Reissner-Mindlin theory, also known as the first-order shear deformation theory
(FSDT), assumes a constant state of transverse shear strains along the plate thickness
and allows the use of C0 approximation functions. A generalization of this theory
to arbitrarily laminated anisotropic plates is due to Yang et al. [39] and Whitney
and Pagano [40] . When using FSDT to model a plate, shear correction factors are
introduced to correct for the discrepancy between the actual parabolic transverse
shear stress distribution and those computed using the kinematics assumptions of
the FSDT. Higher-order plate theories (HSDT) [41, 42] provide a slight increase in
accuracy relative to the FSDT solution, at the expense of a significant increase in com-
putational effort. Furthermore, finite element models of high-order theories require
C1 interpolation functions to satisfy the continuity requirements and the vanishing
condition of transverse shear stresses on the top and bottom surfaces of the plate. Of
all the equivalent-single layer theories, FSDT provides the best compromise between
economy, simplicity and accuracy in the prediction of the global response of thin to
moderately thick laminates [43–45].
A number of analytical solutions of classical and refined laminated plate theories
7have been proposed by several authors [45–52]. Nevertheless, exact solutions cannot
be developed when complex geometries, arbitrary boundary conditions and lamina-
tion schemes or nonlinearities are involved. The use of approximate solutions, such
as the finite element method, becomes mandatory in such cases.
Finite element formulations for the bending of laminated plates have been tradi-
tionally derived from the principle of virtual displacements or the principle of mini-
mum total potential energy. Displacement-based finite element models of the classical
plate theory require the use of C1 interpolation functions, which are computationally
expensive, in order to guarantee continuity of transverse deflections and its derivatives
across the element boundaries.
To overcome the stringent continuity requirements placed by the conventional
variational formulations, the so-called “mixed variational formulations” are often used
as an alternate approach (see [53–57] for an exhaustive review). The phrase “mixed”
is used to imply the fact that both displacement and force variables are given equal
importance in the variational formulation. In finite element models constructed un-
der mixed variational principles, displacements and stress resultants are treated as
independent variables, thus allowing the use of C0 interpolation functions. The su-
periority of C0-formulated plate elements in linear and non-linear analysis has been
shown in many published papers [58–60].
The advantages of the mixed formulations over traditional variational formula-
tions include the relaxation of inter-element continuity requirements, accurate repre-
sentation of stresses, reduced formulative effort and the ease with which the model
can be applied to non-linear and other complicated problems [43,61].
The use of independent approximation of displacements and bending moments
in plate bending elements was first proposed independently by Herrmann [62] and
Hellan [63]. Following Herrmann’s work, a number of papers were published in the
8literature on mixed finite element models [64–67]. Reddy and Tsay [68, 69] used
rectangular elements based on Reissner-type variational principles to analyze bending,
stability and vibration of linear isotropic and orthotropic plates. The aforementioned
models were based on the kinematic assumptions of the classical plate theory, and
the effect of shear strains was not considered therein.
Several mixed finite elements have been successfully derived and applied in the
bending analysis of shear deformable plates. Putcha and Reddy [70] derived a mixed
shear flexible finite element consisting of three displacements, two rotations and three
bending moments. Results were presented for linear bending analysis of laminated
anisotropic plates. Pinsky and Jasti [71] proposed the use of additional bubble func-
tions in the approximation of displacements and transverse shear stresses, in order
to eliminate the effect of shear locking. Bathe and Dvorkin [72] derived a mixed
plate bending element, also known in the literature as the “MITC” element, which
included the transverse displacement, section rotations and transverse shear strains
as nodal degrees of freedom. However, the results presented therein were limited to
isotropic plates. Pontaza and Reddy [73] developed a finite element formulation for
the bending of thin and thick orthotropic plates based on a least-squares variational
principle. In a recent article [74], Auricchio and co-workers have discussed the ap-
plication of a mixed FSDT finite element in the analysis of monoclinic plates, based
on a mixed-enhanced formulation derived earlier by the same author for laminated
composites [75].
The models mentioned above did not take into account geometric nonlinearities.
To the best of the author’s knowledge, only the following attempts can be cited with
regards to the use of mixed finite elements in nonlinear bending analysis of laminated
plates in the context of ESL shear deformation theories. The first account is that by
Putcha and Reddy [61,76] who formulated a mixed finite element based on a refined
9high-order shear deformation theory HSDT for laminated composite plates developed
by the second author [41, 42]. The geometric nonlinearity was incorporated via the
von Ka`rman strains and reduced integration was used to alleviate the shear-locking
effect. The formulation yielded an accurate representation of the transverse shear
stresses through the thickness, at the expense of an increase in the number of degrees
of freedom (i.e. three displacements, two rotations and six moment resultants) when
compared to classical plate elements (three displacements, two rotations and three
moment resultants). A similar formulation for laminated beams based on a high-
order shear deformation theory was proposed by Singh et. al [77]. In their work,
both in-plane and shear strains were included as field variables resulting in a element
with twelve degrees of freedom per node.
Apparently, there are no reports on the use of the first-order shear theory in
the development of mixed finite elements for nonlinear bending analysis of laminated
plates. One of the objectives of this work is to derive such an element.
I.3.2. Present work
The bibliographic review discussed above reveals that FSDT gives the best com-
promise between prediction capability and computational costs for a wide class of
problems. The literature also shows that finite elements based on mixed variational
formulations have the advantage of yielding accurate bending moments and stresses,
when compared to the displacement finite elements. The present study, motivated by
these findings, deals with the development of a new mixed finite element for the non-
linear bending analysis of laminated plates based on the first-order shear deformation
theory.
The proposed formulation allows the use of C0 interpolation functions in the finite
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element model. The element has eight degrees of freedom per node, which include
three displacement components, two shear rotations and three moment resultants.
Geometrical nonlinearities in the von Ka`rman sense are included in the governing
equations, thus allowing analysis of moderately large rotations problems. Attention
herein is restricted to plates made of linear-elastic materials and subjected to static
conservative loads.
In recent years high-order finite elements have been introduced and successfully
applied to eliminate the locking in the numerical solution of plate bending prob-
lems [73,78–80]. This shortcoming can also be remedied by using low-order elements
and reduced integration techniques. In this work both approaches are implemented
and the behavior of the element is compared under both cases.
The performance of the element in terms of convergence and accuracy is assessed
via several numerical tests. The solution of the nonlinear system of equations is carried
out using a Newton-Raphson iterative scheme. The effect of length-to-thickness ratio,
lamination scheme, number of layers, lamination angle and boundary conditions on
the mechanical behavior of anisotropic plates and beams is investigated. Results are
compared with closed-form solutions and displacement-based finite element models
available in the scientific literature.
The model presented here differs from previous mixed FE models for laminated
plates in the following ways:
• The development of mixed plate finite elements based on FSDT is extended to
nonlinear bending problems of anisotropic laminated plates.
• The proposed model offers the flexibility of improving the accuracy of displace-
ments and stresses by using h- and p-refinement.
• The numerical shear locking is resolved using low-order elements with reduced
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integration and high-order elements with full integration. A comparison of the
performance of the element under both cases is carried out.
• The formulation is simple and has a greater physical appeal when compared
with formulations that neglect the transverse shear strains, such as those based
on CLPT.
• Another desirable feature of the present finite element is the reduction of nodal
degrees of freedom per node in comparison with mixed finite elements based on
HSDT. Moreover, the additional unknowns introduced by higher-order theories
are often difficult to interpret in physical terms.
The dissertation is organized as follows. Details on the corotational formulation
for beams and corresponding numerical results are given in Chapters II and
III, respectively. Chapter IV provides a complete description of the mixed
finite element formulation for laminated composite plates. Linear and nonlinear
results obtained with the aforementioned formulation are presented in Chapter
V. Conclusions derived from this study and guidelines for future research are
discussed in Chapter VI.
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CHAPTER II
A COROTATIONAL BEAM FINITE ELEMENT
II.1. Preliminary comments
In the linear description of the motion of beams it is assumed that the displacements
are very small and that the material is linearly elastic. In addition, the equilibrium
equations are derived using the undeformed configuration of the body due to the fact
that geometry does not change with the loading. However, in geometrically nonlinear
analysis of structures, geometric changes are significant and the geometry of the body
must be updated during the deformation process. Consequently, it becomes necessary
to distinguish between various measures of stress and strain, and description of mo-
tion. In the Lagrangian description, the motion of the body is either referred to the
initial undeformed configuration (total Lagrangian description) or to the latest known
configuration (updated Lagrangian description). On the other hand, in the Corota-
tional description, the motion of the body is decomposed into rigid body motion and
relative deformation. The latter approach provides a nonlinear framework in which
linear measures of stress and strain can be applied locally (i.e. Cauchy stress and
linearized strain, respectively), thus simplifying the Lagrangian governing equations
without significant loss in accuracy. For this reason, the corotational is gaining pop-
ularity among the engineering community for the nonlinear analysis of both planar
and spatial beam structures.
In this chapter a two-dimensional corotational beam finite element will be derived
using a linear unified beam model (see Reddy [32]). The present development is based
on the assumption that the material is linearly elastic and the displacements and
rotations are arbitrarily large.
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II.2. A review of beam theories
Several theories can be found in the literature to represent the kinematic behavior of
beams. The classical Euler-Bernoulli beam theory (EBT) which neglects the effect
of transverse shear strain is the simplest of such theories. However, the EBT fails
to provide accurate results when the thickness-to-length ratio is relatively large. In
such cases, the shear deformation theories, namely, the first-order shear deformation
beam theory of Timoshenko (TBT) and the third-order beam theory of Reddy (RBT)
exhibit more accurate solutions. In addition, RBT des nt require the shear correction
factor.
The corotational beam finite element formulation derived in the present work is
based on both classical and shear deformation theories. Towards this end we present
a summary of the aforementioned beam theories, their inter-relationships and the
unified beam finite element model developed by Reddy [32].
II.2.1. Governing equations
The simplest and most commonly used beam theory is the classical Euler-Bernoulli
beam theory(EBT), which is based on the displacement field




wE(x, z) = wE0 (x) (2.1)
where w0 is the transverse deflection of the point (x, 0) of a point on the mid-plane and
the superscript “E ′′ denotes the quantities in the Euler-Bernoulli beam theory. The x-
coordinate is taken along the length of the beam,z-coordinate along the height of the
beam and the y-coordinate is taken along the width of the beam. The displacement
field (2.1) implies that straight lines normal to the mid-plane before deformation
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remain straight and normal to the mid-plane after deformation, as shown in Figure
1a. These assumptions amount to neglecting both transverse shear and transverse



















Fig. 1. Deformation of a transverse normal line in various beam theories.
The next theory in the hierarchy is the first-order shear deformation beam theory
of Timoshenko(TBT), which is based on the displacement field
uT (x, z) = zφT (x)
wT (x, z) = wT0 (x) (2.2)
where φ denotes the rotation of the cross section and the superscript “T ′′ denotes the
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quantities in the Timoshenko beam theory. In this theory the normality assumption
of the Euler-Bernoulli beam theory is relaxed by assuming that the rotation is inde-
pendent of the slope of the beam (see Figure 1b). In addition, the shear strain state
is assumed to be constant with respect to the height of the beam. Therefore, the
Timoshenko beam theory requires a shear correction factor to compensate for errors
due to this assumption.
Next, we consider the third-order beam theory of Reddy. The corresponding
displacement field accommodates quadratic variation of the transverse shear strain
and stresses and removes the straightness assumption of the Euler-Bernoulli beam
theory (see Figure 1c)






wR(x, z) = wR0 (x) (2.3)
where the superscript “R′′ denotes the quantities in the Reddy beam theory (RBT)and
α = 4/(3h2). For this theory there is no need to use shear correction factors.
The bending equations of equilibrium and stress resultant-displacement relations
of the three beam theories considered in this study are summarized below for constant
material and geometric properties:
• The Euler-Bernoulli Beam Theory (EBT)
d2MExx
dx2






















• The Reddy Beam Theory (RBT)
dMRxx
dx



















































where the stiffness parameters are defined as
Dxx = ExI
(2)





yy , Axz = GxzA (2.7b)
Dxz = GxzI
(2)
yy , Fxz = GxzI
(4)
yy (2.7c)
Dˆxx = Dxx − γFxx, Fˆxx = Fxx − γHxx (2.7d)
Aˆxz = Axz − βDxz, Dˆxz = Dxz − βFxz (2.7e)










yy denotes the ith area moment of inertia about the y-axis, A is the area of
the cross section, h is the thickness of the beam, Ex is the elasticity modulus, Gxz
the shear modulus and Ks the shear correction coefficient. For beams made of an
isotropic material, we have Dxx = EI, Axx = EA.
The Euler-Bernoulli beam theory (EBT) and the Timoshenko beam theory (TBT)
are fourth-order theories whereas the Reddy beam theory (RBT) is a sixth-order the-
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ory. Therefore, the relationships between the exact solutions of these theories can
only be found by solving an additional second order differential equation (see [44]). A
simplification of RBT can be made by reducing the order of the theory from sixth to
fourth which is achieved by dropping the second-derivative term in the additional dif-
ferential equation for wR0 . In the following section a summary of the relations between
the EBT, TBT and simplified RBT is presented.
II.2.2. Summary of the bending relations between the EBT, TBT and RBT
The relationships between TBT and simplified RBT in terms of the EBT developed
by Reddy et.al [44], can be expressed in one set of equations as follows
V Ux (x) = Q
E
x (x) + C1 (2.8)
MUxx(x) =M
E









+ C2x+ C3 (2.10)
Dxxw
U













− C3x− C4 (2.11)
where the superscript “U ′′ denotes the quantities belonging to either the Timoshenko
beam theory (α = 0) or the Reddy-Bickford beam theory (α 6= 0). The slope θU has






























II.2.3. A unified finite element model of beams
Based on the foregoing relationships, Reddy derived the stiffness matrix of a unified
beam element (UBE) that incorporates the kinematics of all three theories. This
amounts to using Hermit cubic interpolation for the transverse deflection w0 and a
dependent interpolation for the slope φ, resulting in a efficient and accurate locking-
free finite element for the analysis of beams. Note that the Timoshenko beam element
derived from this procedure corresponds to the Interdependent Interpolation Element
(IIE) (see [31]).




6 3L −6 3L
3L 2L2λ −3L L2ξ
−6 −3L 6 −3L


























L2 − 6B , µ = 1 + 12Ω (2.16)
λ = 1 + 3Ω, ξ = 1− 6Ω (2.17)





with ϕi(x) being the Hermite interpolation functions.
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Figure 2 shows the sign convention used for the generalized displacements and
forces, which are defined as
w0(x) = ∆1, θ(0) = ∆2 (2.19a)
w0(L) = ∆3, θ(L) = ∆4 (2.19b)
Q1 ≡ −V Ux (0), Q2 ≡ −MUxx(0) (2.19c)
Q3 ≡ −V Ux (L), Q4 ≡ −MUxx(L) (2.19d)
∆1 ∆ 3∆ 2 ∆ 4
Q1 Q3Q2 Q4
(a) Nodal Displacements (b) Nodal Forces
Fig. 2. Generalized displacements and forces of a typical unified beam finite element.
For frame structures the element stiffness matrix corresponds to the superposition





κ 0 0 −κ 0 0
0 6 3L 0 −6 3L
0 3L 2L2λ 0 −3L L2ξ
−κ 0 0 κ 0 0
0 −6 −3L 0 6 −3L








II.3. The corotational formulation
II.3.1. Geometric considerations
We consider a plane, straight, prismatic beam with two nodes. The element is as-
sumed to be initially aligned with the global x axis. The key concept of the corota-
tional description is the decomposition of the the total motion of a continuous body
into rigid body motion and relative deformation. In the derivation of the finite ele-
ment, this decomposition is achieved by attaching a local coordinate system to each
element so that it rotates with the average rigid body rotation of the element. In
this way, the finite rigid body motion part is eliminated from the total displacements.
The remaining relative deformation, which is assumed to be small with respect to the
local frame, is used for the calculation of strains and element internal nodal forces.
Hence, standard small-strain measures can be applied to obtain simplified governing















Fig. 3. Kinematics of the corotational Euler-Bernoulli beam element
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corotated coordinate system (xˆ, yˆ) for the beam element is attached to the element
and defined so that the xˆ axis remains coincident with a line joining the end points of
the element, as shown in Figure 3. Quantities with a “hat” will be used throughout
this work to denote quantities measured in the corotated coordinate system. The
position of the corotated frame is updated with the nodal displacements of the last
known deformed configuration by using trigonometric relations as follows
cα = cos(α) =
L0 + u2 − u1
L




where L0 is the original length of the undeformed element and L is the current length.
For a linear unified beam element, the axial displacement uˆ0(xˆ) and transverse







∆jφj(xˆ), uˆ1 = uˆ0(xˆ1), uˆ2 = uˆ0(xˆ2) (2.22a)
∆1 = wˆ0(xˆ1), ∆2 = θ(xˆ1), ∆3 = wˆ0(xˆ2), ∆4 = θ(xˆ2) (2.22b)
where ψj are the linear Lagrange interpolation functions, and φj are the Hermite
interpolation functions. For our choice of local coordinate system, the axial displace-
ment of node 1 and the transverse displacements at both nodes will be equal to zero.
The global and local displacements are collected in vectors u and uˆ, where ul is the






































Fig. 4. Nodal displacements in the global frame.
and the relationship between the global and local degrees of freedom is found to be
uˆ =

cα sα 0 0 0 0
−sα cα 0 0 0 0
0 0 1 0 0 0
0 0 0 cα sα 0
0 0 0 −sα cα 0




















where u21 = u2 − u1 and w21 = w2 − w1 and
cα sα 0 0 0 0
−sα cα 0 0 0 0
0 0 1 0 0 0
0 0 0 cα sα 0
0 0 0 −sα cα 0
0 0 0 0 0 1

(2.25)
denotes the transformation matrix from the local to the global coordinate system.
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II.3.2. Equilibrium equations
The finite element approximation of the nonlinear equilibrium equations of geomet-
rically nonlinear problems can be written in the general form
p = K(u)u = f (2.26)
where p is the internal force vector, f the external force vector and K the direct
stiffness matrix which is a function of the displacement vector u. The geometric
nonlinearity is fully introduced by the coordinate transformation between the local
and global nodal degrees of freedom.
An incremental iterative procedure based on the Newton-Raphson method is
adopted in this work. Therefore, (2.26) is linearized, yielding the following set of
tangent stiffness equations
KT(u)∆u = r (2.27)
where KT is the so-called tangent stiffness matrix and r corresponds to the residual
force vector.
For a beam element, which is regarded as a conservative system, there exists a
potential energy function (see [57]) such that
Π(u) = U(u)−W (u) (2.28)
where U and W denote the internal (strain) energy and the external work function
in the global frame, respectively. Differentiation of (2.28) with respect to u yields the









= p− f (2.29)
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The next step consists on relating the global residual equilibrium equations (2.27) to
the local level where the linear equilibrium equations are valid. The basic assumption
is that the energy is invariant with respect to rigid body motions, i.e. Π(u) = Π(uˆ),









= TT rˆ = p− f (2.31)





The relationship between the local and global internal and external force vectors can


















= TT fˆ (2.34)
The global tangent stiffness matrix corresponds to the sum of the material stiffness













= TT KˆTT+ rˆ ·G = KTM +KTG (2.35)










The material tangent stiffness matrix can be computed through Equation (2.35) us-








α cαsακ− 6sαcα −3sαL
cαsακ− 6sαcα s2ακ+ 6c2α 3cαL
−3sαL 3cαL 2L2λ
−c2ακ− 6s2α −cαsακ+ 6sαcα 3sαL
−cαsακ+ 6sαcα −s2ακ− 6c2α −3cαL
−3sαL 3cαL L2ξ
−c2ακ− 6s2α −cαsακ+ 6sαcα −3sαL




α cαsακ− 6sαcα 3sαL











L2 − 6B , µ = 1 + 12Ω

















The stiffness parameters are defined as
Dxx = ExI
(2)





yy , Axz = GxzA
Dxz = GxzI
(2)
yy , Fxz = GxzI
(4)
yy
Dˆxx = Dxx − γFxx, Fˆxx = Fxx − γHxx (2.40)
Aˆxz = Axz − βDxz, Dˆxz = Dxz − βFxz









yy denotes the ith area moment of inertia about the y-axis, A is the area
of the cross section, h is the thickness of the beam, Ex is the elasticity modulus,
Gxz the shear modulus and Ks the shear correction coefficient.For beams made of an
isotropic material, we have Dxx = EI, Axx = EA.
The expression for the geometric stiffness matrix can be found similarly using





sin 2α − cos 2α 0 − sin 2α cos 2α 0
− cos 2α − sin 2α 0 cos 2α sin 2α 0
0 0 0 0 0 0
− sin 2α cos 2α 0 sin 2α − cos 2α 0
cos 2α sin 2α 0 − cos 2α − sin 2α 0
0 0 0 0 0 0

(2.41)

























Fig. 5. Internal forces of the beam element in the global frame. The orientation of the
arrows depicts positive sign convention.












where N is the axial load, V the shear force and M the bending moment. The
axial force N and the shear force V are assumed to be constant along the length
of the beam, whereas the bending moment M can vary linearly. The corresponding
convention sign is shown in Figure 5.
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CHAPTER III
A COROTATIONAL BEAM FINITE ELEMENT: NUMERICAL RESULTS
III.1. Preliminary comments
Several well established benchmark problems are solved to demonstrate the prediction
capability of the corotational formulation derived in Chapter II. The effect of shear
deformation and boundary conditions in the beam nonlinear response is studied,
and a comparison of the numerical performance of classical and shear deformable
corotational beam elements is carried out. The corotational beam elements developed
on the kinematic assumptions of the EBT, TBT and RBT are denoted by CR-EBT,
CR-TBT and CR-RBT, respectively.
The nonlinear system of equations is solved using a Newton-Raphson iteration





we terminate the iteration when the Euclidean norm of the relative error between




i drops below a given tolerance ². Thus, the
converge criterion is given by√√√√√√√
N∑
i=1









i are the solution vectors from the (r)st and (r− 1)st iterations,
respectively; and M is the number of total nodes in the domain.
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The total applied load is divided into load increments of equal size. A tolerance
of ² = 10−3 and maximum allowable iterations of 30 (per load step) are used in all
the numerical examples unless otherwise stated. The initial solution vector is chosen
to be the zero vector, in order to recover the linear solution in the first iteration.
III.2. Small strains and moderately large deflections
III.2.1. Beam under uniformly distributed load
Consider a beam of length L = 100 in., 1 in.× 1 in. cross sectional dimensions,
made of steel (E = 30 msi, ν = 0.3) and subjected to uniformly distributed load of
intensity q0 lb/in. Using the symmetry about x = L/2, one half of the domain is used
as the computational domain. The following set of geometric boundary conditions
are tested:
1. Hinged at both ends
w0(0) = u0(L/2) =
dw0
dx
(L/2) = 0. (3.3)
2. Pinned at both ends
u0(0) = w0(0) = u0(L/2) =
dw0
dx
(L/2) = 0 (3.4)
3. Clamped at both ends
u0(0) = w0(0) =
dw0
dx
(0) = u0(L/2) =
dw0
dx
(L/2) = 0 (3.5)
The first type of boundary conditions are included in the numerical experimen-
tation in order to verify that the element does not experience membrane locking.
The results for this case are compared with the deflections of a pinned-pinned and a
clamped-clamped beam, in order to study the effect of the boundary conditions on
the nonlinear behavior of the beam.
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Table 1 contains the corresponding finite element results for the deflections of all
three cases. These results agree reasonably well with the numerical solution reported
by Reddy [25] using finite element models based on the Euler-Bernoulli beam theory
with the von Karma´n nonlinear strain. Figure 6 shows the corotational finite element






























Fig. 6. Comparison of the center deflections of beams subjected to distributed load
and with three different boundary conditions.
results for the deflections of the beam for the three aforementioned types of boundary
conditions. The hinged-hinged beam exhibit larger transverse displacements than the
pinned-pinned and clamped-clamped beams. For this boundary condition, the beam
does not have any end constraint on the axial displacement u0, and hence does not
experience axial strain. On the other hand, the pinned-pinned and clamped-clamped
beams are constrained from axial movement. As a result, they develop axial strain to
accommodate the transverse deflection thus offering larger axial stiffness to stretching.
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Table 1. Finite element results for the maximum deflections, wmax, of a beam under
uniformly distributed load and three different boundary conditions.
Load, q0 Reddy [25] CR-EBT CR-TBT CR-RBT
Hinged-hinged
1.0 0.52083 (3)* 0.52076 (3) 0.52089 (3) 0.52097 (3)
2.0 1.04167 (3) 1.04111 (3) 1.04136 (3) 1.04151 (3)
3.0 1.56250 (3) 1.56061 (3) 1.56100 (3) 1.56121 (3)
4.0 2.08333 (3) 2.07885 (3) 2.07937 (3) 2.07966 (2)
5.0 2.60417 (2) 2.59581 (2) 2.59547 (2) 2.59582 (2)
6.0 3.12500 (2) 3.11045 (2) 3.10972 (2) 3.11013 (2)
7.0 3.64583 (2) 3.62260 (2) 3.62143 (2) 3.62190 (2)
8.0 4.16667 (2) 4.13191 (2) 4.13023 (2) 4.13076 (2)
9.0 4.68750 (2) 4.63803 (2) 4.63576 (2) 4.63635 (2)
10.0 5.20833 (2) 5.14059 (2) 5.13769 (2) 5.13834 (2)
Pinned-pinned
1.0 0.36848 (5) 0.36858 (5) 0.36862 (5) 0.36864 (5)
2.0 0.54545 (4) 0.54562 (4) 0.54564 (4) 0.54566 (4)
3.0 0.66407 (3) 0.66426 (4) 0.66426 (3) 0.66428 (3)
4.0 0.75569 (3) 0.75587 (3) 0.75587 (3) 0.75588 (3)
5.0 0.83148 (3) 0.83163 (3) 0.83163 (3) 0.83164 (3)
6.0 0.89673 (3) 0.89684 (3) 0.89683 (3) 0.89684 (3)
7.0 0.95440 (3) 0.95447 (3) 0.95446 (3) 0.95447 (3)
8.0 1.00632 (3) 1.00635 (3) 1.00633 (3) 1.00634 (3)
9.0 1.05372 (3) 1.05369 (3) 1.05367 (3) 1.05367 (3)
10.0 1.09744 (3) 1.09736 (3) 1.09734 (3) 1.09734 (3)
Clamped-clamped
1.0 0.10336 (3) 0.10337 (3) 0.10349 (3) 0.10356 (3)
2.0 0.20228 (3) 0.20232 (3) 0.20256 (3) 0.20269 (3)
3.0 0.29394 (3) 0.29405 (3) 0.29437 (3) 0.29455 (3)
4.0 0.37740 (3) 0.37762 (3) 0.37799 (3) 0.37821 (3)
5.0 0.45298 (3) 0.45331 (3) 0.45373 (3) 0.45397 (3)
6.0 0.52152 (3) 0.52198 (3) 0.52242 (3) 0.52267 (3)
7.0 0.58396 (3) 0.58455 (3) 0.58501 (3) 0.58528 (3)
8.0 0.64121 (3) 0.64191 (3) 0.64239 (3) 0.64267 (3)
9.0 0.69402 (3) 0.69484 (3) 0.69532 (3) 0.69561 (3)
10.0 0.74303 (3) 0.74395 (3) 0.74444 (3) 0.74474 (3)
*Number of iterations taken to converge.
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Next, we consider the effect of the shear strain energy on the behavior of the CR-
TBT beam finite elements developed herein. Table 2 contains nonlinear deflections,
w¯ = wmaxEH
3/∆q0L
4, of a pinned-pinned and clamped-clamped beam for various
length-to-thickness ratios L/H, respectively. The effect of shear deformation is clear
from the results. As the thickness of the beam becomes larger, the stiffness, shear
strains and deflections w¯ increase.
Table 2. Effect of length-to-thickness ratio on the deflections w¯ = wmaxEH
3/∆q0L
4




q0 10 100 10 100
1.0 0.1562 0.1106 0.1602 0.1106
2.0 0.3125 0.1637 0.3204 0.1637
3.0 0.4688 0.1993 0.4806 0.1993
4.0 0.6250 0.2268 0.6408 0.2268
5.0 0.7813 0.2495 0.8010 0.2495
6.0 0.9375 0.2691 0.9612 0.2691
7.0 1.0937 0.2863 1.1214 0.2863
8.0 1.2500 0.3019 1.2816 0.3019
9.0 1.4063 0.3161 1.4418 0.3161
10.0 1.5625 0.3292 1.6020 0.3292
clamped-clamped CR-EBT CR-TBT
Length-to-thickness ratio, L/H
q0 10 100 10 100
1.0 0.0313 0.0310 0.0352 0.0311
2.0 0.0625 0.0607 0.0703 0.0608
3.0 0.0938 0.0882 0.1055 0.0883
4.0 0.1250 0.1133 0.1408 0.1134
5.0 0.1562 0.1360 0.1760 0.1361
6.0 0.1875 0.1566 0.2112 0.1567
7.0 0.2188 0.1754 0.2464 0.1755
8.0 0.2500 0.1926 0.2816 0.1927
9.0 0.2813 0.2085 0.3168 0.2086
10.0 0.3125 0.2232 0.3520 0.2233
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On the other hand, thicker beams also exhibit less geometric nonlinearity, as
can be seen from Figure 7. Results are compared with those obtained using CR-
EBT beam elements. The deflections predicted by using TBT are very close to those
predicted by the EBT when L/H > 100.
III.3. Small strains and large deflections
III.3.1. Cantilever beam with a concentrated load at the free end.
A cantilever beam, subjected to a concentrated load at the free end, was analyzed.
Results for dimensionless vertical, w0/L, and horizontal, (L − u0)/L, end displace-
ments as a function of the dimensionless load PL2/Dxx are shown in Figure 8. The
domain was divided into ten finite elements of equal size. Results from a closed form
solution based on elliptical integrals developed by Bisshop and Drucker [81] are also
shown in Figure 8 for comparison. Good agreement is indicated.
III.3.2. Cantilever beam with uniformly distributed load.
A cantilever beam subjected to uniformly distributed load was analyzed. Results
for the maximum dimensionless axial and transverse displacements as a function of
the load parameter qL3/EI are shown in Figure 9. For this problem, the differential
equations do not lead to any direct solution. Only approximate solutions are possible.
Therefore, finite element results are compared with the approximate solution reported
by Rohde [82]. For the previous two examples, a relative nodal error is used to
measure the error between the approximate finite element solution, w¯(L), and the
exact solution, w¯∗(L), at the point where the maximum deflection takes place.
Figures 10 (a) and (b) depict log-log plots of the error measures versus the mesh
size. The rate of convergence is given by the slope of the lines.
34























































Fig. 7. Load-deflection response for thin (L/H = 100) and thick (L/H = 10)beams:
(a) pinned-pinned, (b) clamped-clamped.
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Fig. 8. Free-end axial and transverse dimensionless displacements of a cantilever beam
subjected to a concentrated load.




































Fig. 9. Free-end axial and transverse dimensionless displacements of a cantilever beam






































Fig. 10. h-convergence study of the center deflection for a cantilever beam subjected
to: (a) uniform distributed load, (b) concentrated load.
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III.3.3. Cantilever beam with an end moment.
Next, we analyze a cantilever beam subjected to a concentrated moment at the free
end. This numerical example is studied in order to demonstrate the efficiency and
large rotation capability of the corotational formulation and iterative solution scheme
implemented in this work. The beam was also discretized into ten elements as in the
previous examples.
The relationship between the bending moment M and the radius of curvature ρ,







A similar bending moment-curvature equation can be obtained for the TBT by using
the relationships between the two theories described in detail in [44]. This relation is
determined by the type of boundary conditions. For a clamped-free beam, both CR-
EBT and CR-TBT have the same shear force, bending moment and slopes. Therefore,
the resulting displacements are equal in both cases. The curvature radius ρ of a
beam curled into an exact complete circle, and the dimensionless load parameter M∗








Figure 11 shows the axial and transverse dimensionless displacements, u¯ = u0/L
and w¯ = w0/L, respectively. The results are obtained by using ten load increments.
Figure 12 shows the deformed configuration of the beam for different values of the
dimensionless load parameter M∗. Figure 13 depicts the values of the relative nodal
error as a function of the mesh size in a logarithmic scale. The convergence of the finite
element solution w¯ to the analytical solution w¯∗, with mesh refinement, is apparent
from the results.
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Fig. 11. Free-end dimensionless displacements u¯ and w¯ of a cantilever beam subjected
to an end moment load.














Fig. 12. Deformed configuration of a cantilever beam subjected to an end moment for




















Fig. 13. h-convergence study of the transverse displacement w(x) of a cantilever beam
subjected to an end moment.
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CHAPTER IV
MIXED FINITE ELEMENT MODEL OF THE FIRST-ORDER PLATE THEORY
IV.1. Preliminary comments
Consider a laminate of total thickness h composed of Nl orthotropic layers with the




3) of the kth lamina oriented at an angle θk
to the laminate coordinate x. The xy-plane is taken to be the undeformed midplane











Fig. 14. Coordinate system and layer numbering used for a laminated plate.
The z-axis is taken positive downward from the midplane. The k-th layer is
located between the points z = zk and z = zk+1 in the thickness direction.
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In formulating the mathematical model we make the following assumptions:
• The transverse normals remain straight after deformation
• The transverse normals do not experience elongation
• The transverse normals do not remain perpendicular to the midsurface after
deformation
• The layers of the composite plate are perfectly bonded
• The material of each layer is linearly elastic and orthotropic
• Each layer is of uniform thickness
• The strains are small and the rotations are assumed to be moderately large
• The transverse shear stresses at the top and bottom surfaces are zero
The first three kinematic assumptions correspond to the Mindlin-Reissner hy-
potheses. These differ from the Kirchoff assumptions in that the normality condition
is relaxed, thus allowing the inclusion of transverse shear strains in the theory.
IV.2. Governing equations
The displacement field for the Mindlin-Reissner plate theory, also known as First-
Order Shear Deformation Theory (FSDT), is of the form
u(x, y, z) = u0(x, y) + zφx(x, y)
v(x, y, z) = v0(x, y) + zφy(x, y)
w(x, y, z) = w0(x, y)
(4.1)
42
where (u0, v0, w0) are the displacements along the coordinate lines of a material point
on the midplane, and φx, φy are the rotations of a transverse normal about the x- and






















Fig. 15. Undeformed and deformed geometries of an edge of a plate under the assump-
tions of the first-order plate theory FSDT.
The assumed form of the displacement field of Eq. (4.1) allows reduction of the
3-D problem to one of studying the deformation of the midplane (2-D problem). Once
(u0, v0, w0, φx, φy) are known, the displacements of any arbitrary point (x, y, z) in the
3-D continuum can be determined using Eq.(4.1).
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In view of the small strain but moderate rotations assumption, the nonlinear









































































xy) are the bending strains
(curvatures) and (γ0xz, γ
0
yz) are the shear strains. The strains can be written in matrix
form as follows
ε0 = D1u+ ε0(NL), ε1 = D1Φ, γ0 = D2w0 +Φ (4.5)




 , Φ =
 φxφy







































































where (Nxx, Nyy, Nxy) are the in-plane force resultants, (Mxx,Myy,Mxy) are the mo-
ment resultants, (Qx, Qy) denote the transverse force resultants and q corresponds to
the total transverse load. All stress resultants are measured per unit length (e.g. Ni
and Qi in lb/in and Mi in lb-in/in) and the positive sign convention is depicted in
Figure 16.
The laminate constitutive equations that relate the force and moment resultants















































































where Aij are the extensional stiffnesses, Dij the bending stiffnesses, and Bij the































Since the laminate is made of several orthotropic layers, with their material axes
oriented arbitrarily with respect to the laminate coordinates (Figure 17), the Q¯ij
coefficients are computed in terms of the plane stress-reduced stiffnesses Qij using
the following transformation equations
Q¯11 = Q11 cos
4 θ + 2(Q12 +Q66) sin
2 θ cos2 θ +Q22 sin
4 θ (4.13a)
Q¯12 = (Q11 +Q22 − 4Q66) sin2 θ cos2 θ +Q12(sin4 θ + cos4 θ) (4.13b)
Q¯22 = Q11 sin
4 θ + 2(Q12 + 2Q66) sin
2 θ cos2 θ +Q22 cos
4 θ (4.13c)
Q¯16 = (Q11 −Q12 − 2Q66) sin θ cos3 θ + (Q12 −Q22 + 2Q66) sin3 θ cos θ (4.13d)
Q¯26 = (Q11 −Q12 − 2Q66) sin3 θ cos θ + (Q12 −Q22 + 2Q66) sin θ cos3 θ (4.13e)
Q¯66 = (Q11 +Q22 − 2Q12 − 2Q66) sin2 θ cos2 θ +Q66(sin4 θ + cos4 θ) (4.13f)
Q¯44 = Q44 cos
2 θ +Q55 sin
2 θ (4.13g)
Q¯45 = (Q55 −Q44) cos θ sin θ (4.13h)
Q¯55 = Q44 sin
2 θ +Q55 cos
2 θ (4.13i)




1− ν12ν21 , Q12 =
ν12E2
1− ν12ν21 , Q22 =
E2
1− ν12ν21
Q66 = G12, Q44 = G23, Q55 = G13
(4.14)
The equations of motion (4.8) and constitutive relations (4.9)-(4.11) can be cast
in matrix notation as
























 , Q = A˜γ0 (4.16)
To develop the mixed finite element model, Eq. (4.16) is written in the following
alternative form
N = A¯ε0 + B¯M, ε1 = −B¯T ε0 + D¯M (4.17)
where
A¯ = A−BD¯BT , B¯ = BD¯B, D¯ = D−1 (4.18)
The set of equilibrium and constitutive equations can be summarized as follows
DT1N = 0, DT2Q = q, DT1M−Q = 0, ε1 = −B¯T ε0 + D¯M (4.19)
where the vector of in-plane force resultantsN and the vector of shear force resultants
48
Q can be expressed in terms of the displacements and moment resultants by using
N = A¯ε0 + B¯M, Q = A˜γ0 (4.20)
The resulting system of governing equations consists of 8 equations in 8 unknowns
(u0, v0, w0, φx, φy,Mxx, Myy,Mxy).
IV.3. Mixed variational principle
Here we use the inverse procedure to develop a variational principle associated with
the set of equations (4.19). The procedure involves multiplying each vectorial equation
with a suitable dual variable. For example, the equations of equilibrium of in-plane
forces in (4.19) should be pre-multiplied with the vector δuT . Similarly, the second
equation, third and last equation in (4.19) should be pre-multiplied with the vectors
δw0, δφ






(−DT1N− 0)+ δw0 (−DT2Q+ q − 0)+ δΦT (−DT1M+Q− 0)
+δMT
[



































(Nnδun +Nnsδus +Mnδφn +Mnsδφs +Qnδw0)ds (4.22)
where Qn, Nn, Nns,Mn,Mns are the shear force, normal and tangential in-plane forces
and bending moments on the boundary surface with normal nˆ:
Qn = Qxnx +Qyny
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Nnn = Nxxnxny + 2Nxynxny +Nynxny
Nns = nxny(Nyy −Nxx) +Nxy(n2x − n2y) (4.23)
Mnn =Mxxnxny + 2Mxynxny +Mynxny
Mns = nxny(Myy −Mxx) +Mxy(n2x − n2y)
Note also that in arriving at the second expression, integration by parts was used.
Substituting the membrane, bending and shear strains from Eqns. (4.2)-(4.4) along
with their corresponding variations into Eq. (4.21) and collecting the coefficients of
the virtual displacements and stress resultants we obtain the following set of equations
































































































































































































































IV.4. Mixed finite element model
The variational formulation contains, at the most, only the first derivatives of the
























M exx(x, y) =
m∑
j=1











where ψj are the Lagrange interpolation functions. Substituting Eq.(4.25) for the
primary variables and the i− th interpolation function for the virtual displacements
and virtual stress resultants (δu0 ∼ ψi, δv0 ∼ ψi, ..., δMxy ∼ ψi) into the variational
principle in Eqns. (2.24a) - (2.24i) we obtain the finite element model of the first-order
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laminated plate theory
[K11] [K12] [K13] · · · [K18]
[K21] [K22] [K23] · · · [K28]



































































































































































































































































































































































































































































































































































































































































































where Qn, Nn, Nns,Mn,Mns are given in equation (4.23).
In order to solve the corresponding system of nonlinear algebraic equations, the
tangent stiffness coefficients are derived.The Newton-Raphson iterative method in-
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volves solving equations of the form
[T 11] [T 12] [T 13] · · · [T 18]
[T 22] [T 23] · · · [T 28]






















where the vector ∆α contains the generalized displacements and stress resultants,i.e.,
∆1i = ui, ∆
2
i = vi, ∆
3





















The coefficients of the submatrices [T αβ] and the components of the residual






















k − Fαi (4.34)
The explicit form of the tangent stiffness coefficients is given by
T αβij = K
αβ






























































































































































































































































































The finite element model for laminated beams can be obtained as a special case of
the finite element model for laminated plates. The bending of beam structures can be
modelled as a one-dimensional problem, consequently the displacements (u, v, w) and
moment resultant Mxx are taken to be functions of the x-coordinate. The associated
displacement field is
u(x) = u0(x) + zφx(x), v(x) = 0, w(x) = w0(x) (4.36)
and the corresponding system of equilibrium equations at the element level takes the
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form 
[K11] [K12] [K13] [K14]
[K21] [K22] [K23] [K24]
[K31] [K23] [K33] [K34]
















































































































































The corresponding linearized system of equations has the form
[T 11] [T 12] [T 13] [T 14]
[T 22] [T 23] [T 24]








































T 13ij = T
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MIXED PLATE BENDING ELEMENTS: NUMERICAL RESULTS
V.1. Introduction
The mixed finite element model developed herein is employed in the linear and nonlin-
ear bending analysis of a variety of layered composite rectangular plates. The effects
of transverse shear deformation, material anisotropy and coupling between stretching
and bending on deflections and stresses are investigated. Validation of the present
model is carried out by comparing the finite element results with analytical (Navier)
solutions based on the first-order shear deformation theory (FSDT) and experimental
and numerical solutions available in the literature.
The shear correction coefficient is taken to be 5/6. Only one quadrant of the
plate is used as computational domain for plates with biaxial symmetry. The cor-
responding boundary conditions for cross-ply and angle-ply simply supported rect-
angular laminates are depicted in Figure 18. Note that the antisymmetric cross-ply
and angle-ply laminated plates admit the Navier solutions only for SS-1 and SS-2
boundary conditions, respectively.
The following nondimensionalizations of the quantities are used to present results
in graphical and tabular form:




102, σ¯xx = σxx(xA, yA, z)
h2
b2q0
σ¯yy = σyy(xA, yA, z)
h2
b2q0




σ¯xz = σxz(xB, yB, z)
h
bq0
, σ¯yz = σyz(xC , yC , z)
h
bq0
















































































Fig. 18. Boundary conditions in a quadrant of cross-ply (SS-1) and angle-ply (SS-2)
laminates.
The location of the maximum normal and shear stresses in the plane of the
plate is shown in Figure 18. Note that the location of maximum stress through
the plate thickness depends on the lamination scheme. For antisymmetric cross-ply
laminates, the maximum values of Mxx and Myy occur at point A (see figure 18),
and the maximum of Mxy takes place at point D. The locations of maximum bending
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moments for angle-ply laminates varies with the stacking sequence.
The strains are calculated by differentiating the displacement expansions (4.25)
according to the definition given in Equations (4.2)-(4.4). The stresses are then










Q¯11 Q¯12 Q¯16 0 0
Q¯12 Q¯22 Q¯26 0 0
Q¯16 Q¯26 Q¯66 0 0
0 0 0 Q¯55 Q¯45










where Q¯ij are the transformed plane-stress reduced stiffness. Both strains and stresses
are the most accurate when computed at the reduced (N−1)× (N−1) Gauss points,
where N×N is the exact Gauss quadrature rule used to evaluate the bending stiffness
coefficients. The bending moments are computed directly at the nodal points, along
with the displacements and rotations, by solving the assembled system of equilibrium
equations.
The effect of the integration rule of the stiffness coefficients on the solution is
also investigated. Mixed C0-plate bending elements based on the first-order shear
deformation plate theory are expected to give the thin plate theory solution when the
side-to-thickness a/h is very large. When low-order interpolation of the dependent
variables is used, the elements become excessively stiff, yielding displacements that
are too small compared to the thin plate solution. This effect is known as “shear-
locking”. When thin plates are analyzed by shear deformable plate elements, the
shearing strains are required to vanish. This can be numerically achieved by either
using high-order approximation functions or by using reduced integration.
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V.2. Linear bending analysis
In all the linear problems considered, the individual layers are assumed to be of equal
thickness and made of graphite-epoxy material with
E1/E2 = 25, G12/E2 = 0.5, G23/E2 = 0.2
ν12 = 0.25, G12 = G13, ν12 = ν13
(5.3)
Figures 19 and 20 illustrate the convergence of the finite element solution for
the center deflection w to the analytical solution w∗, for a thin cross-ply (0/90/90/0)
laminate subjected to uniformly distributed load (UDL) and sinusoidal loading (SSL).
As the the mesh size h is decreased, the percentage error in the normalized maximum
deflection decreases for a fixed p-level of 2.
Tables 3 and 4 show results of a p-convergence study for maximum transverse de-
flection and stresses of simply supported cross-ply (0/90/90/0) and angle-ply (−45/45)
laminates subjected to sinusoidal and uniform loading, respectively. The effect of
shear locking is mitigated as the expansion order increases and becomes negligible for
p-levels of 4. The stiffness terms are evaluated using full integration. It is clear from
the results that the rate of convergence is faster for thin plates than for thick plates.
It should also be noted that the errors in the maximum deflections exhibit an
exponentially fast decay with increasing p, as shown in Figures 21 and 22. In the
previous examples, full integration was used in the evaluation of the stiffness matrix
coefficients associated with bending and transverse shear strains.
Next a comparison between the performance of displacement-based plate ele-
ments and mixed plate elements is carried out. In the sequel, mixed finite elements
derived in the present work will be denoted by the acronym MXFEM, whereas the























Fig. 19. Convergence of the center deflection w as a function of the mesh size h, for a
























Fig. 20. Convergence of the center deflection w as a function of the mesh size h, for a
SS-1 cross-ply (0/90/90/0) square plate under uniform load (a/h = 100).
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Table 3. p-convergence†of maximum transverse deflection and stresses of a simply sup-
ported (SS-1) cross-ply (0/90/90/0) square plate under sinusoidal load for
different values of side-to-thickness ratio a/h.
a/h p w¯ σ¯xx σ¯yy σ¯xy σ¯xz σ¯yz
10 1 0.4530 0.0959 0.0734 0.0048 0.1323 0.0809
2 0.6529 0.4191 0.2958 0.0208 0.3613 0.1154
3 0.6634 0.4861 0.3543 0.0234 0.4049 0.1257
4 0.6627 0.4931 0.3574 0.0239 0.4116 0.1277
Analytical - 0.6627 0.4889 0.3614 0.0241 0.4160 0.1290
20 1 0.1627 0.0516 0.0296 0.0022 0.1219 0.0914
2 0.4609 0.4201 0.2224 0.0187 0.3761 0.0981
3 0.4925 0.5163 0.2939 0.0214 0.4254 0.1061
4 0.4912 0.5214 0.2927 0.0218 0.4319 0.1074
Analytical - 0.4912 0.5273 0.2956 0.0221 0.4370 0.1090
100 1 0.0084 0.0032 0.0016 0.0001 0.1076 0.1057
2 0.3454 0.3390 0.1667 0.0168 0.3845 0.0842
3 0.4369 0.5469 0.2775 0.0203 0.4351 0.0998
4 0.4337 0.5341 0.2690 0.0211 0.4397 0.0997
Analytical - 0.4337 0.5382 0.2704 0.0213 0.4450 0.1010
†Full integration is used to evaluate membrane, bending and shearing stiffness terms.























Fig. 21. Convergence of the center deflection w as a function of the expansion order p,
for a SS-1 cross-ply (0/90/90/0) square plate under uniform load (a/h = 100).
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Table 4. p-convergence†of maximum transverse deflection and stresses of a simply sup-
ported (SS-2) angle-ply (−45/45) square plate under uniform load for differ-
ent values of side-to-thickness ratio a/h.
a/h p w¯ σ¯xx σ¯xy σ¯xz
10 1 0.7685 0.1224 0.1200 0.1607
2 1.0560 0.2990 0.3253 0.2689
3 1.2800 0.3714 0.4215 0.3308
4 1.2790 0.3740 0.4270 0.3537
Analytical - 1.2792 0.3476 0.4274 0.3540
20 1 0.2673 0.0512 0.0502 0.1607
2 0.8366 0.3132 0.3464 0.2747
3 1.0970 0.3652 0.4243 0.3322
4 0.3322 0.3707 0.4330 0.3503
Analytical - 1.0907 0.3496 0.4357 0.3510
100 1 0.0128 0.0026 0.0026 0.1607
2 0.7032 0.3745 0.3987 0.3361
3 1.0460 0.3868 0.4246 0.3429
4 1.0290 0.3696 0.4350 0.3453
Analytical - 1.0305 0.3504 0.4417 0.3499
†Full integration is used to evaluate membrane, bending and shearing stiffness terms.























Fig. 22. Convergence of the center deflection w as a function of the expansion order p,
for a SS-2 angle-ply (-45/45) square plate under sinusoidal load (a/h = 100).
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It can be observed from Tables 5 and 6 that the values of deflections predicted
by MXFEM elements are close to those predicted by DBFEM elements. However,
mixed elements yield more accurate results for bending moments, and hence stresses.
The superiority of MXFEM over DBFEM plate elements can be attributed to the
inclusion of the bending moments as nodal degrees of freedom. Additionally, the
moment boundary conditions are satisfied exactly in mixed finite element models
whereas for displacement finite element models the natural boundary conditions are
only met in an integral sense.
Table 5. Comparison of displacement-based and mixed finite element results for deflec-
tions, bending moments and stresses of a simply supported (SS-2) angle-ply
(−45/45) square plate under uniform load.
Mesh Type† w¯ M¯xx M¯xy σ¯xx σ¯xy σ¯xz
4L-DBFEM-F 0.1797 0.0659 0.0655 0.0635 0.0665 0.3470
4L-DBFEM-R 1.0269 0.3633 0.3981 0.3643 0.4078 0.3267
2Q-DBFEM-F 1.0221 0.3706 0.4125 0.3806 0.4327 0.3403
2Q-DBFEM-R 1.0320 0.3696 0.4187 0.3788 0.4262 0.3307
4L-MXFEM-F 0.1797 0.0706 0.0720 0.0635 0.0665 0.3472
4L-MXFEM-R 1.0294 0.3605 0.4420 0.3519 0.4072 0.3307
2Q-MXFEM-F 1.0252 0.3320 0.4711 0.3531 0.4316 0.3416
2Q-MXFEM-R 1.0306 0.3821 0.4607 0.3513 0.4371 0.3499
Analytical 1.0305 0.3754 0.4544 0.3504 0.4417 0.3499
†F = full integration; R = reduced integration.
The effect of the integration rule of the stiffness coefficients on the solution is
investigated. Two different meshes, a 4× 4 mesh of linear elements (4L) and a 2× 2
mesh of quadratic elements (2Q) in a quarter plate, are considered. An examination
of the numerical results presented in Tables 6 and 7 shows that both MXFEM and
DBFEM elements experience shear locking when linear elements and full integration



























































































































































































































































































































































































































































































elements and reduced integration. As discussed earlier, the shear locking can also be
removed by increasing the p-level even when full integration is used. However, high-
order elements are computationally more expensive. Guided by these observations,
a mesh of quadratic elements with reduced integration is employed in the remaining
analyses, unless otherwise specified.
Next, we consider the bending of symmetrically laminated beams. When the
width of a laminated plate is very small compared to the length and the lamination
scheme and loading are such that the displacements are functions of x only, the
laminated plate is treated as a beam. The results presented here serve as a basis for
understanding the response of more general laminates.
Table 7. Effect of the lamination scheme and transverse shear deformation on the
center deflection w¯ and normal stress σ¯xx of a beam under uniform load†.
Hinged-Hinged Clamped-Clamped Clamped-Free
a/h → 100 20 10 100 20 10 100 20 10
0 0.628 0.700 0.925 0.128 0.200 0.425 6.02 6.30 7.19
0.628 0.700 0.925 0.128 0.200 0.425 6.01 6.30 7.20
90 15.667 15.812 16.375 3.134 3.313 3.875 150.03 150.76 152.91
15.633 15.813 16.375 3.132 3.312 3.875 150.00 150.75 153.00
(0/90)s 0.713 0.816 1.138 0.146 0.248 0.569 6.82 7.24 8.51
0.713 0.816 1.137 0.146 0.249 0.570 6.82 7.23 8.52
(45/− 45)s 8.956 9.050 9.371 1.792 1.896 2.217 85.85 86.27 87.56
8.947 9.049 9.371 1.793 1.895 2.217 85.86 86.28 87.56
†The first row contains the finite element values of the nondimensionalized maximum deflections,
and the second row contains the corresponding analytical solutions.
Table 8 contains the nondimensionalized maximum transverse deflections of var-
ious laminated beams for simply supported (hinged-hinged), clamped (fixed-fixed),
and cantilever (clamped-free) boundary conditions. The results are in very good
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agreement with the closed-form solutions. The 0o laminated beam is stiffer in bend-
ing than the 90o beam, and therefore undergoes smaller deflections. This is due to the
fact that the stiffness in a laminate is largest in the fiber direction because E1 > E2.
The effect of lamination scheme and shear deformation on the beam deflections
can be seen in Figures 23 to 25. Since the bending stiffness increases with the cube
of the distance of the layers from the midplane, (0/90)s laminates undergo smaller
deflections when compared to the (90/0)s beams. Similarly, due to the placement of
the 0o layers, laminate (0/45/−45/90)s is much stiffer than laminate (90/45/−45/0)s.
Symmetric angle-ply laminated beams (θ/−θ)s have the same stiffness characteristics
as (−θ/θ)s, and they are less stiff compared to the symmetric cross-ply laminated
beams.

























Fig. 23. Convergence of the maximum displacement w¯ as a function of Maximum de-
flection w¯ versus length-to-thickness ratio of a simply-supported beam under
uniform load.
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It can also be observed from the plots that the effect of shear deformation is
more significant for beams with length-to-thickness ratios smaller than 10. The effect
of shear deformation is to increase the transverse deflection.
The next example deals with a four-layer cross-ply symmetric (0/90/90/0) square
laminate subjected to sinusoidal loading (SSL). The plate is assumed to be SS-1
simply-supported (see Figure 18). The maximum deflections at the center of the
plate are plotted against the side-to-thickness ratio a/h in Figure 26. It can be
observed that the shearing deformation is more pronounced in the range of medium
to thick plates (a/h ≤ 20) and is almost negligible for thin plates, for which both the
classical (CLPT) and first order (FSDT) theories yield similar results (a/h ≥ 50).
Very good agreement is found between the analytical solution based on FSDT and
the mixed finite element results.
The variations of stresses σxx, σyy, σxy, σxz, σyz through the thickness are shown
in Figures 27 through 31. Stresses are computed using the constitutive relations in
Eq. (5.1). In-plane stresses vary linearly with the z-coordinate whereas transverse
shear stresses are constant, as suggested by the assumed displacement field of the
first order theory. The changes in slope observed in plots 27 and 28 represent the
change in axial stiffness of each layer. The maximum σxx takes place at z = h/2
whereas the maximum σyy occurs at z = h/4. It is clear that the 0
o layers carry
the most axial stress σxx while the 90
o layers carry the most axial stress σyy, in
proportion to their axial stiffness in the x and y direction. The shear stress σxy varies
linearly with a constant slope, as depicted in Figure 29. This is due to the fact
that Q¯16, Q¯26, Q¯66 do not change with z for the (0/90/90/0) laminate. In Figures 30
and 31, a comparison between the transverse shear stresses (σxz, σyz) calculated via
equilibrium equations and constitutive equations is presented. In the case of σxz the
equilibrium equations predict the maximum stress to be at the midplane of the plate,
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(0/-45/ 45/ 90) s
Fig. 24. Maximum deflection w¯ versus length-to-thickness ratio of a clamped beam
under uniform load.





























Fig. 25. Maximum deflection w¯ versus length-to-thickness ratio of a cantilever beam
under uniform load.
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Fig. 26. Effect of shear deformation on the maximum displacement w¯ of a SS-1 cross–
ply (0/90/90/0) square plate under sinusoidal load.
while the constitutive equations predict maximum stress in the outer layers. It turns
out that the constitutive equations yield, qualitatively, the correct stress variation
(see the elasticity solution of Pagano [48]). The stresses predicted with MXFEM
elements are in excellent agreement with the exact FSDT solutions.
As pointed out by Reddy [45], the effect of the shearing deformation also depends
on the material anisotropy of the layers. It can be seen from Figure 32 that deflections
decrease with increasing value of E1/E2. The difference among the classical and shear
deformable theories is more significant as the ratio E1/E2 gets larger for a given
length-to-thickness ratio. The classical plate theory under-predicts the deflections
even at low values of E1/E2.
Figure 33 contains plots of maximum center deflection versus side-to-thickness
ratio a/h for two- and eight-layer simply supported SS-2 antisymmetric angle-ply
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Fig. 27. Variation of maximum normal stress σ¯xx through the thickness (z/h) of a SS-1
cross-ply (0/90/90/0) square plate under sinusoidal load.

























Fig. 28. Variation of maximum normal stress σ¯yy through the thickness (z/h) of a SS-1
cross-ply (0/90/90/0) square plate under sinusoidal load.
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Fig. 29. Variation of maximum shear stress σ¯xy through the thickness (z/h) of a SS-1
cross-ply (0/90/90/0) square plate under sinusoidal load.
(−45/45) square plates under uniform loading. A laminated composite, unless sym-
metrically laminated, is characterized by the coupling between bending and exten-
sional degrees of freedom (Bij 6= 0). Antisymmetric angle-ply laminates come under
this category. As the number of layers increase, for the same total laminate thickness,
the bending-stretching coupling coefficients Bij decrease causing a reduction in the
magnitude of deflections. The response of antisymmetric plates does not tend towards
the orthotropic plate solution as the coupling effect decreases with increasing number
of layers, whereas antisymmetric cross-ply laminates essentially behave as specially
orthotropic plates (Bij = D16 = D26 = 0).
The dependence of the coupling effect on the modulus ratio E1/E2 for antisym-
metric angle-ply laminates is illustrated in Figure 34. It can be seen that the behavior
of the antisymmetric angle-ply laminate is similar to the one discussed for cross-ply
74
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Fig. 30. Variation of maximum transverse shear stress σ¯xz through the thickness (z/h)
of a SS-1 cross-ply (0/90/90/0) square plate under sinusoidal load.
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Fig. 31. Variation of maximum transverse shear stress σ¯yz through the thickness (z/h)
of a SS-1 cross-ply (0/90/90/0) square plate under sinusoidal load.
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Fig. 32. Effect of material anisotropy on the maximum displacement w¯ of a simply
supported cross-ply (0/90/90/0) square plate.
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Fig. 33. Effect of shear deformation on the maximum displacement w¯ of a SS-2 angle–
ply (-45/45) square plate under sinusoidal load.
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laminates, i.e., deflections decrease with increasing values of E1/E2. The coupling
effect becomes negligible for modulus ratios close to unity. As expected, the results
for anti-symmetric laminates are very close to the exact solutions.
The results discussed establish two things: First, the mixed finite element model
developed herein, based on the first order shear theory, predicts results that are in
excellent agreement with the exact solutions. Second, the use of mixed plate elements
allow the direct computation of the bending moments at the nodes, which results in
better accuracy of moments and hence, stresses. This feature is quite attractive since
most design criteria are based on critical stresses.

























Fig. 34. Effect of material anisotropy and number of layers on the maximum displace-
ment w¯ of a simply supported angle-ply (−45/45) square plate.
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V.3. Nonlinear bending analysis
Having validated the present mixed model for linear bending analysis, we now turn
to geometrically nonlinear analysis of laminated isotropic and anisotropic composite
plates. The governing equations that describe the mechanical behavior of FSDT plates
subjected to moderate rotations based on the mixed variational principle are given in
Equations (4.1) - (4.8). The geometric nonlinearity is included via the von Ka`rman
strain-displacement relations, which account for the coupling between bending and
membrane behavior. This coupling in turn contributes to plate stiffening, and hence
results in a decrease in the magnitude of deflections when compared to the results of
the linear theory.
Five sets of material properties are used in the numerical tests:
• Material 1: E1 = E2 = 30× 106 psi, ν = 0.316
• Material 2 : E1 = E2 = 7.8× 106 psi, ν = 0.3
• Material 3 : E1 = 3× 106psi, E2 = 1.28× 106psi, G = 0.37× 106psi, ν = 0.32
• Material 4 :E1 = 1.8282×106psi, E2 = 1.8315×106psi, G = 3.125×105psi, ν = 0.2395
• Material 5 : E1/E2 = 40, G12 = G13 = 0.6E2, G23 = 0.5E2, ν = 0.25
• Material 6 : E1/E2 = 25, G12 = G13 = 0.5E2, G23 = 0.2E2, ν = 0.25


















, σ¯yz = σyz
h
bq0
The equilibrium equations are solved at each load step by using a Newton-
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Fig. 35. Boundary conditions in a quadrant of clamped laminates.
symmetry exists, only a quadrant of the plate is modelled. Unless stated otherwise,
a uniform mesh of 4× 4 nine-node quadratic elements is used in the simulations. For
this choice of mesh, full integration 3× 3 is used for the evaluation of linear stiffness
coefficients whereas reduced integration 2×2 is employed for the nonlinear and shear
stiffnesses.
The first example is concerned with a thin (a/h = 100) clamped isotropic square
plate (Material 1, a = 300in, h = 3in) under uniformly distributed load. The clamped
boundary conditions are shown in Figure 35:
u = φx = 0, at x = 0
v = φy = 0, at y = 0
u = v = w = φx = φy = 0, at x = a/2, y = b/2
(5.5)
This example is a benchmark problem widely used to verify the geometrically non-
linear capability of thin plate formulations [61]. Mixed finite element results for
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Square isotropic laminate under UDL
h = 3 in, a = b = 300 in
Material 1
Fig. 36. Center deflection w¯ of a clamped isotropic plate under uniformly distributed
load (Material 1, a/h = 100).
displacements w¯ and normal stresses σ¯xx are presented in Table 8. The results are in
excellent agreement with the thin plate analytical solutions of Levy [83], who solved
the problem using a double Fourier series. The geometrically nonlinear behavior of
deflections and stresses as a function of the load parameter P¯ = q0a
4/E2h
4 is depicted
in Figures 36 and 37.
Next, the effect of the boundary conditions in the nonlinear behavior of isotropic
and orthotropic square plates under uniform load is studied. Two types of simply
supported boundary conditions are considered (see Figures 35 and 38),
SS-1 : v0 = w0 = φy = 0, at x = a/2; u0 = w0 = φx = 0, at y = b/2
SS-3 : u0 = v0 = w0 = 0 at x = a/2, y = b/2 (5.6)
The geometric and material properties used are
- Isotropic Plate: Material 1,a = b = 10in, h = 1in
- Orthotropic Plate: Material 3, a = b = 12in, h = 0.138in
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Table 8. Nondimensional center deflection w¯ and normal stress σ¯xx of a clamped
isotropic square plate under uniform loading (Material 1, a/h = 100).
Load P¯ Analytical† MXFEM Linear
Deflections, w¯
17.8 0.2370 0.2392 0.2465
38.3 0.4710 0.4738 0.5307
63.4 0.6950 0.6965 0.8785
95.0 0.9120 0.9087 1.3163
134.9 1.1210 1.1130 1.8692
184.0 1.3230 1.3080 2.5495
245.0 1.5210 1.5010 3.3947
318.0 1.7140 1.6880 4.4062
402.0 1.9020 1.8660 5.5702
Normal stresses, σ¯xx
17.8 2.600 2.414 2.387
38.3 5.200 5.022 5.138
63.4 8.000 7.649 8.510
95.0 11.100 10.254 12.745
134.9 13.300 12.850 18.099
184.0 15.900 15.420 24.686
245.0 19.200 18.060 32.869
318.0 21.900 20.741 42.664
402.0 25.100 23.423 53.933
† (see Levy [83])
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Square isotropic laminate under UDL
h = 3 in, a = b = 300 in
Material 1
Fig. 37. Maximum normal stress σxx of a clamped isotropic plate under uniformly
distributed load (Material 1, a/h = 100).
Tables 9 and 10 contain the nondimensionalized deflections w¯ and normal stresses
σ¯xx as a function of the load parameter P¯ , for the two boundary conditions (see also
Figures 39 to 42).
It is clear that SS-3 provides more edge restraint than SS-1 and therefore produces
lower transverse deflections. The figures also show the results obtained using a plate
element based on a nonlinear displacement finite element model (see Reddy [25]).
The agreement between both models is excellent in all cases.
In Figures 43 and 44, the present finite element results are compared with the
experimental results of Zaghloul and Kennedy [84]. In Figure 43, a plot of the
maximum center deflection versus the intensity of the uniform load q0 for a sim-
ply supported square plate (Material 3) is presented. The dimensions of the plate


























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Fig. 38. Boundary conditions in a quadrant of simply supported (SS-3) laminates.
The agreement between the present solution and the experimental values is very
good. It is clear that, even for thin plates, the shear deformation effect is significant
in the nonlinear range.
The load-deflection curve of a clamped symmetric (0/90/90/0) cross-ply plate
(Material 4) under uniform load is presented in Figure 44. For this case, a small dis-
crepancy between the numerical and experimental results is observed. This difference
can be attributed to possible errors in the simulation of the actual support (boundary
conditions) and material properties used in the experiment.
The effect of number of layers and the lamination scheme on the center deflection
is investigated in Figures 45 and 46, for two- and eight-layer laminates. Clamped
square plates with a/h = 10 and Material 5 are used in the analysis.
Table 11 contains numerical values of the maximum center deflection w¯ for in-
creasing values of load parameter P¯ .
It can be seen that increasing the number of layers reduces the nonlinear effects
in both cross-ply and angle-ply cases, resulting in straightening of the nonlinear curve
85














Square isotropic laminate under UDL
h = 1 in, a = b = 10 in
Material 2
Fig. 39. Effect of boundary conditions on the center deflection w¯ of an isotropic square
plate under uniform load (Material 2, a/h = 10).














Square isotropic laminate under UDL
h = 1 in, a = b = 10 in
Material 2
Fig. 40. Effect of boundary conditions on the maximum normal stress σ¯xx of an
isotropic square plate under uniform load (Material 2, a/h = 10).
86













Square orthotropic laminate under UDL
h = 0.138 in, a = b = 12 in
Material 3
Fig. 41. Effect of boundary conditions on the center deflection w¯ of an orthotropic
square plate under uniform load (Material 3, a = b = 12in, h = 0.138in).


























Square orthotropic laminate under UDL
h = 0.138 in, a = b = 12 in
Material 3
Fig. 42. Effect of boundary conditions on σ¯xx of an orthotropic square plate under
uniform load (Material 3, a = b = 12in, h = 0.138in).
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Experimental [ 84 ]
MXFEM
CLPT [ 84 ]
Square orthotropic laminate under UDL
h = 0.138 in, a = b = 12 in
Material 3
Fig. 43. Comparison of the mixed finite element results and experimental results for
w¯ as a function of P¯ . Simply supported square plate under uniform load
(Material 3).












Square symmetric (0/90/90/0) laminate under UDL
h = 0.096 in, a = b = 12 in
Material 4
Experimental [ 84 ]
Fig. 44. Comparison of the mixed finite element results and experimental results for
w¯ as a function of P¯ . Clamped square plate under uniform load (Material 4).
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Linear  (2 Layers)
Nonlinear  (2 Layers)
Linear  (8 Layers)
Nonlinear  (8 Layers)
Square  (0/90) and (0/90)4  laminates under UDL
h = 1 in, a = b = 10 in
Material 5
Fig. 45. Effect of the number of layers on a clamped cross-ply square plate under
uniform load (Material 5, a/h = 10).






Linear  (2 Layers)
Nonlinear  (2 Layers)
Linear  (8 Layers)
Nonlinear  (8 Layers)
w
P
Square  (45/ -45) and (45/ -45)4  laminates under UDL
h = 1 in, a = b = 10 in
Material 5
Fig. 46. Effect of the number of layers on a clamped angle-ply square plate under
uniform load (Material 5, a/h = 10).
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Table 11. Effect of the number of layers nl on the center deflection w¯ of antisymmetric
cross-ply and angle-ply clamped square plates under uniform loading.
(0/90/0...) (45/− 45/45...)
Load P¯ nl=2 nl=8 nl=2 nl=8
6.25 0.0284 0.0167 0.0233 0.0175
12.5 0.0567 0.0333 0.0458 0.0348
25.0 0.1112 0.0664 0.0886 0.0690
50.0 0.2082 0.1304 0.1657 0.1349
75.0 0.2877 0.1903 0.2329 0.1963
100.0 0.3531 0.2453 0.2923 0.2530
125.0 0.4082 0.2953 0.3452 0.3050
150.0 0.4557 0.3408 0.3930 0.3528
175.0 0.4975 0.3823 0.4365 0.3967
200.0 0.5348 0.4202 0.4765 0.4373
225.0 0.5686 0.4552 0.5135 0.4749
250.0 0.5995 0.4875 0.5480 0.5101
closer to the linear solution. Also, angle-ply laminates exhibit less degree of nonlin-
earity compared to the cross-ply laminates, and eight-layer laminates are stiffer than
two-layer laminates.
Figure 47 shows load-deflection curves of clamped antisymmetric cross-ply (0/90)
and angle-ply (45/− 45) laminates for a/h = 10 and a/h = 100. It can be observed
that the degree of nonlinearity in thick plates is more pronounced than in thin plates,
due to the the effect of shear deformation.
Next, we consider the nonlinear bending response of a symmetric (0/90/90/0)
cross-ply laminated plate (Material 4) with a = b = 12in, h = 0.096in. As expected,
the maximum deflections are obtained for SS-3 (see Figure 48). Increasing the re-
strictions on degrees of freedom at the boundary causes a stiffening of the structure
which translates into a reduction in the nonlinearity of the response.
The present mixed formulation is also employed in the nonlinear analysis of
90









(0/90)  a/ h =10
(0/90)  a/ h =100
(45/-45) a/ h = 10
(45/-45)  a/ h =100
P
Square  laminate under UDL
Material 5
Fig. 47. Effect of the length-to-thickness ratio a/h on the center deflection w¯ of
clamped antisymmetric cross-ply and angle-ply laminates (Material 5).













Square symmetric (0/90/90/0) laminate under UDL
h = 0.096 in, a = b = 12 in
Material 4
Fig. 48. Effect of the boundary conditions on the center deflection w¯ for a symmetric-
cross-ply (0/90/90/0) laminated plate (Material 4).
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beam structures. The first one-dimensional example deals with a beam made of an
isotropic material (Material 1, a/h = 100) subjected to uniform loading for different
various conditions. Table 12 contains the nondimensionalized maximum deflections
Table 12. Center deflection w¯ of an isotropic beam under uniform load for various
boundary conditions.
Hinged-Hinged Pinned-Pinned Clamped-Clamped
P¯ DBFEM† MXFEM DBFEM MEXFEM DBFEM MXFEM
1 0.5208 0.5196 0.3685 0.3682 0.1035 0.1035
2 1.0417 1.0400 0.5454 0.5459 0.2025 0.2026
3 1.5625 1.5620 0.6640 0.6642 0.2943 0.2942
4 2.0833 2.0840 0.7555 0.7543 0.3778 0.3779
5 2.6042 2.6070 0.8312 0.8303 0.4534 0.4534
6 3.1250 3.1350 0.8964 0.8956 0.5220 0.5217
7 3.6458 3.6530 0.9540 0.9526 0.5845 0.5843
8 4.1667 4.1850 1.0058 1.0050 0.6418 0.6414
9 4.6875 4.6890 1.0531 1.0520 0.6946 0.6942
10 5.2083 5.1970 1.0967 1.0960 0.7436 0.7434
†See Reddy [25].
for increasing values of the load parameter P¯ . Results compare very well to those
obtained by Reddy [25] using a displacement-based finite element model.
Lastly, we consider the nonlinear bending behavior of two-layer angle-ply (45/−
45) and two-layer cross-ply (0/90) composite beams with pinned-pinned and clamped-
clamped ends. The mechanical properties used are those of Material 6, and the
slenderness ratio is assumed to be a/h = 10.
Figure 49 shows the variation of w¯ with the load parameter P¯ for the pinned-
pinned case. It may be observed that the behavior of the cross-ply (0/90) laminate
changes with the direction of the load. For positive loading the nonlinearity is of
softening type for small loads and of hardening type for larger loads.
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Fig. 49. Load-deflection curves for cross-ply (0/90) and angle-ply (45/ − 45)
pinned-pinned composite beams under uniform load (Material 6, a/h = 10).















, B11 < 0 (5.7)
It is clear that for small values of the positive load, the term containing the stretch-
bending coupling coefficient B11 in Equation 5.7 is larger than the A11 expression,
and therefore the axial load Nxx is compressive. This causes a “softening” in the
structure which explains the nonlinear transverse deflections being larger than the
linear deflections (see Figure 49). As the load increases, the A11 expression becomes
predominant (the quadratic term increases), the axial force Nxx becomes positive and
the beam stiffens. For a negative load, B11
dφx
dx
is positive, and the two terms in Nxx
add up yielding a larger axial force and therefore a stiffer structure.
For the antisymmetric angle-ply (45/ − 45) laminate, the nonlinear deflections
have the same magnitude regardless of the load direction, and the nonlinearity is
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always of hardening type. For these laminates the bending-extension coupling B11
is zero. It may also be observed that two-layered angle-ply beams are more flexible
than two-layer cross-ply beams.
Figure 50 depicts the variation of w¯ with the load parameter P¯ for the fixed-fixed
case. It is shown that the nonlinear behavior of both cross-ply and angle-ply beams
is the same for positive and negative loads, irrespective of the lay-up.















Fig. 50. Load-deflection curves for cross-ply (0/90 and angle-ply (45/− 45) clamped–
clamped composite beams under uniform load (Material 6, a/h = 10).
The various numerical examples discussed above demonstrate the validity of the
present mixed finite element model for nonlinear bending analysis of isotropic and
composite beams and plates. It is also shown that geometric nonlinear effects could




SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS
VI.1. Summary and conclusions
Two different finite element models for geometrically nonlinear analysis of frame and
plate structures are developed in the present study. These are
1. A corotational frame finite element for large-rotations problems of planar frame
structures.
2. A mixed shear flexible finite element for moderately large rotations problems of
layered anisotropic plates.
The first of the aforementioned finite element models is based on a corotational
description of the motion of a unified beam element which has embedded the kine-
matics assumptions of classical and refined beam theories. The corotational finite
element model presented herein is new in the sense that it contains all known beam
theories in one element. The following characteristics of the element must be noted:
• The kinematic assumptions of the Euler-Bernoulli theory, the Timoshenko the-
ory, as well as the simplified Reddy beam theory are incorporated into the
model.
• The governing equations are written in a local ’corotated’ frame that under-
goes arbitrarily large rotations, and with respect to which the small strain-
displacement relationships can be used.
• The corotational beam element has three degrees of freedom per node which
consists of two displacements and one rotation.
95
• The axial displacement is approximated using Lagrange functions, whereas Her-
mite cubic interpolation is used for the transverse displacement, and interde-
pendent quadratic interpolation for the rotation.
• The geometric nonlinearity is fully introduced by the coordinate transformation
between the local and global nodal degrees of freedom.
• The shear-locking is resolved by using appropriate approximation functions for
the generalized displacements, i.e. Lagrange interpolation of the axial displace-
ment, Hermite cubic interpolation of the transverse displacement, and interde-
pendent quadratic interpolation of the rotation.
• This ‘corotational’ concept makes possible the application of linear beam finite
elements in nonlinear bending analysis. Several numerical examples are carried
out to demonstrate the large-rotation capability and accuracy of the model.
The numerical performance of the element is characterized by the following prop-
erties:
• Convergence of the solution with mesh refinement is verified for cases of mod-
erate and severe severe geometric nonlinearity (large rotations).
• The element is free of membrane and shear-locking.
• The accuracy of the present model is assessed by comparison with closed-form
solutions and numerical solutions available in the literature. Highly accurate
solutions are obtained in all cases.
• The corotational beam element performs well when applied in problems of severe
geometric nonlinearity (large rotations).
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The second finite element model presented herein is based on a mixed formula-
tion of the first-order shear deformation theory for laminated composite plates. The
features of the developed finite element model are:
• The formulation accounts for constant transverse shear stress through thickness,
and the geometric nonlinearity is included via the von Ka`rman strains.
• The finite element model is constructed using independent approximations of
the generalized displacements and bending moments, and therefore, only C0-
interpolation of all field variables is required.
• The finite element consists of eight degrees of freedom per node which include
three displacements, two rotations and three moment resultants: (u, v, w, φx, φy,
Mxx,Myy,Mxy).
• Higher-order nodal expansions of the fields variables are employed.
Concerning the numerical performance of the element, the following remarks can
be made:
• The present element provides the best compromise between computational cost,
formulation simplicity and accuracy of the global response of thin to moderately
thick laminates when compared to other mixed and displacement-based finite
element models based on classical or high-order theories.
• Convergence, with mesh refinement (h-convergence) and increase of the expan-
sion order (p-convergence), of the numerical solution to the analytical solution
is verified.
• High-order elements with full integration, and low-order elements with reduced
integration are shown to be locking-free.
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• The accuracy and consistency of in-plane and transverse displacements and
stresses is demonstrated by comparison with exact, experimental and displacement-
based finite element results.
• It is shown that the element is flexible and capable of analyzing both linear and
geometrically nonlinear bending problems of laminated anisotropic plates.
• The use of mixed plate elements allows the direct computation of the bending
moments at the nodes, which results in better accuracy of moments and hence,
stresses. This feature is quite attractive since most design criteria are based on
critical stresses.
• The moment boundary conditions are satisfied exactly in mixed finite element
models whereas for displacement finite element models the natural boundary
conditions are only met in an integral sense.
In summary, the main contributions of the present study are
• The derivation of the corotational frame element is greatly simplified in com-
parison to other formulations in the literature. The incorporation of the unified
linear beam model in the development of the corotational beam does not exist
in the literature. The advantage of the unified element is that the shear defor-
mation is automatically accounted for without the intervention of the user. The
element does not have the need for a shear correction factor. Most importantly,
the element does not suffer from shear or membrane locking.
• The mixed plate bending element with generalized displacements and moments
as degrees of freedom and higher-order nodal expansions is novel with the
present study. The element locking may be eliminated by using sufficiently
large p or lower p with reduced integration.
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VI.2. Recommendations
Few recommendations for further study are in order. The mixed finite element model
developed herein can be modified to include material nonlinearities and thermal stress
effects. The constitutive equations can also be generalized to include functionally
graded materials. It is also of interest to extend the formulation to buckling and tran-
sient analysis of laminated composite plates. Since the recovery of accurate transverse
stress profiles is of crucial importance in the study of delamination mechanisms, it is
suggested the inclusion of the shear stress resultants as nodal degrees of freedom. In
this case, care should be exercised to avoid singularities in the stiffness matrix.
The corotational frame finite element developed in this work can be extended to
shear-deformable plates and shells. A brief description of the methodology proposed
for the derivation of a corotational plate element is presented in the Appendix to help
those who wish to undertake the extension.
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COROTATIONAL FORMULATION OF PLATE BENDING ELEMENTS
Extension of the present formulation to the analysis of plate elements will further
demonstrate the numerical accuracy and computational efficiency of the co-rotational
technique. In order to simplify the co-rotational formulations previously reported in
the literature, a rotation-free linear triangular thin plate, developed by Onate and
Zarate [85] can be incorporated into the derivation. The aforementioned plate element
has three deflections as the only nodal degrees of freedom, resulting in a very simple
and inexpensive element. Certain refinements and extensions may be worth pursuing
along the course of future research, namely, the derivation of a co-rotational shell
element and the inclusion of laminated composite materials into the constitutive
model.
Consider an individual plate element as shown in Figure 51. The undeformed
configuration of the element is denoted by C0 whereas the deformed configuration is
denoted by Cn. For a triangular plate element, the x-y plane is taken as the plane
that passes through the three corner nodes. The origin is chosen to be the centroid of
the element. The x-axis coincides with the line joining the local 1-2 edge (see [3,86]).
The z-axis is the normal to the plane and the remaining axis defines a cartesian right-
handed system. Thus, the local frame in the undeformed configuration is defined by
the triad (˜i1, i˜2, i˜3) as follows
i˜1 =
x02 − x01




| x03 − x01 |
(A.2)


































Fig. 51. Undeformed and deformed configurations of a triangular plate element in a
co-rotated frame.
i˜2 = i˜3 × i˜1 (A.4)
where the superscript 0 refers to quantities measured in the undeformed reference
configuration. The transformation of a vector x referred to the global system to the
same vector expressed in the initial local system can be written








Similarly, the the local frame in the deformed configuration is defined by the triad
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(ˆi1,
˜ˆi2, iˆ3) as follows
iˆ1 =
xn2 − xn1




| xn3 − xn1 |
(A.8)
iˆ3 = iˆ1 × vˆ2 (A.9)
iˆ2 = iˆ3 × iˆ1 (A.10)
In this case, the transformation of a vector x to the local deformed system is defined
by








The corresponding transformation of a vector from the initial or reference configura-





Consider node 2 of the triangular plate of Figure 51 that moves from the initial
position r0 to its deformed position rn. The nodal displacement vector is given by
u = rn − r0 (A.14)
This displacement can be split, in accordance with the co-rotational approach, into a
rigid body and a deformational component
u = ur + ud (A.15)
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c + uc +R0nx
0
(A.17)
The position vector x0 contains the coordinates of the node in the initial configuration
relative to the element centroid. Combining these equations gives
ud = u− uc − (R0n − I)x0 (A.18)
The deformational translation referred to the local co-rotated coordinate system be-
comes
uˆd = Tnud (A.19)
Let us consider the plate of Figure 51 in the deformed co-rotated configuration. The
functional for this problem can be written as the algebraic sum of the strain energy
U stored in the body and the work V done by the external forces on the body













+ (Lwˆ − κˆ)T mˆ+ (L0uˆ0 − ²ˆ0)T fˆ0] dxˆdyˆ
where κˆ is the vector of bending curvatures, mˆ is the vector of bending moments, and
vectors ²ˆ0 and fˆ0 are their membrane related counterparts, respectively. Kirchhoff’s
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hypothesis are assumed to hold so that the following relations are valid














Similarly, for the in-plane terms we have














with the in-plane displacement vector defined as uˆ0 = [uˆ, vˆ]T and the extensional





















where E and ν are the Young’s modulus and Poisson’s ratio, respectively, and h is
the thickness of the plate. Taking the first variation of the functional in Eq. A.20 and























dxˆdyˆ = 0 (A.28)
The virtual work δV done by the distributed transverse load q, the in-plane












[σˆnnδuˆn + σˆnsδuˆs + σˆnzδwˆ] dzds (A.29)
where uˆn, uˆs and wˆ are the displacements along the normal, tangential and transverse
directions in the co-rotated frame, respectively.
Equations (A.26)-(A.28) are the basis of the finite element/finite volume dis-
cretization to be presented next.
Let us consider an arbitrary discretization of the plate into standard three-node




Fig. 52. Control volume scheme for the triangular plate.
The curvature and bending moments are described by constant field within ap-
propriate non-overlapping control domains. The constant curvature and bending
moments within each control domain are expressed in terms of the nodal transverse
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displacements. From the bending terms of Eqs. (A.26) and (A.27) it follows that







where subscript ’p’ refers to the p-th control domain, Dp is the average consti-













Applying the Divergence Theorem to the bending term of Eq. (A.28) and sub-




















dxˆdyˆ = 0 (A.33)
The final step is to discretize the displacement field. Both transverse displacements














Substituting Eq. (A.34a) into (A.33) gives the final system of algebraic equations in
the co-rotated system
Kˆeuˆe = fˆ e (A.35)
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where the vector uˆe contains the nodal displacements of the element. The components
of the nodal force vector fˆ e in equation A.35 are then transformed into the global
coordinate system via the transformation matrix Tn.
f e = TTn fˆ
e (A.36)
The global stiffness matrix is obtained by assembling the stiffness contributions from
the different finite elements. The resulting nonlinear system of equations can be
solved by a Newton-Raphson procedure. A flow chart for the co-rotational procedure




DO L = 1, NLS 
Initialize Kij, fi 
Iter = Iter +1 
Iter = 0 
Element Loop 
Determine position of co-rotated frame 
Eqns. (26-29) 
Calculate transformation 
matrices T0, Tn, R0n 
Eqns. (25), (31), (32) 
Calculate local deformational 
displacement vector duˆ  Eqn. (38) 
Compute local internal 
force vector fˆ  Eqn.(54)   
Transform fˆ  to global 
coordinate system f  Eqn (55) 
Compute tangent stiffness matrix 
and assemble to form global Kij 
Impose boundary conditions and solve eqns. 




yes Iter<itmax no Stop 
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